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Session 4 - Logarithms Notes

§ 1. Logarithms
Any positive number can be written as a power of 10, e.g. 100 can be written as 102  or  2755 can be written as 103.44 .

The powers of 10 are logarithms to base 10.
e.g.
	Number 
	1000
	100
	10
	1
	0.1
	0.01
	0.001

	Power of 10
	103
	102
	101
	100
	10-1
	10-2
	10-3

	log10  of number 
	3
	2
	1
	0
	-1
	-2
	-3


e.g.

	Number 
	2755
	31.62

	Power of 10
	103.44
	101.5

	log10  of number
	3.44
	1.5


So, the logarithm of a number x with respect to base 10 is the power to which we have to raise 10 to obtain x. 

i.e. 
log10x = y  is equivalent to x = 10y  ( log10  is often  referred to as log )

Note that according to above definition 10log(x) = x.
(On the CASIO fx-85GT PLUS calculator, use the log key to find the logarithm of a number to base 10. 

Note that if the log of 100 is 2 then 100 is the antilogarithm (inverse log) of 2, i.e. 100 is the number which corresponds to the log of 2, i.e. 100 corresponds to 102.
e.g.  
log10 

100 
= 2 
and therefore antilog10 2 = 100 or 102 = 100

10 is the base
number
   power

Natural logarithms       

Natural logarithms are logarithms to base e where e is a mathematical constant approximately equal to 2.718. We write loge x or ln x where loge 2.718 = 1.
e.g.  
loge 

100 
= 4.6 
and therefore antiloge 4.6 = 100

e is the base
number
   power


( On the CASIO fx-85GT PLUS calculator, use the ln key to find the natural logarithm of a number and use the SHIFT key followed by the ln key to find the inverse natural log (natural antilog) of a number. (SHIFT plus ln of a number is equivalent to finding e to the power of that number and you will see e or ex printed above the ln key). 

Note that logarithms to base 10 or to base e are only defined for positive numbers so if you try to find the log of a negative number you will get a syntax error on the calculator.

Rules of logs   definition: x = ay is equivalent to loga x = y

Note : 
log(1) = 0 for any value of base used. 


loga(a)  = 1 for all values of a.

             1) log (m × n) = log m +log n

e.g.
log (2 × 3 × 5 ) = log 2 + log 3 + log 5
2) log (m/n) = log m – log n 


log (2/3) = log 2 – log 3
3) log mn = n × log m



log 23 = 3 × log 2

§ 2. Transforming to a straight line graph

Non-linear equations can be reduced to a linear form. If we draw, for example, the graph of the equation y = 2x2 (for x (1) we obtain a parabola (curved graph). One way to transform the data is by using natural logs.

We can take logs of both sides of the equation to obtain

ln(y) = ln(2x2) = ln(2) + ln(x2) = ln(2) + 2ln(x) (using our rules for logs)

i.e. ln(y) = 2ln(x) + ln(2)

This corresponds to the form Y = mX + c where Y is equivalent to ln(y), X is equivalent to ln(x), m is 2 and c is ln(2). If we plot Y against X we will obtain a straight line. Transforming data so that we can draw a straight-line graph often enables us to deal more easily with our data set.           
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Session 4 - Logarithms Exercises

You do not need to use a calculator for these exercises.
§ 1. Logarithms
1) Write the following in logarithmic form:


a) 104 = 10000

b) 10-4 = 0.0001

c) e2 = 7.389 

2) Write the following in exponential form (using powers of 10 and e)


a) log10 1000000 = 6

b) loge 20.1 = 3

c) loge 1 = 0

3) Simplify the following in terms of logs (you do not need to work out the numerical answer)

   a) log5 + log3        b) log10 – log2        c) log 53         d) log 35
      e) log4 + log3 – log2

§ 2. Transforming to a straight line graph
1) We can transform the equation y = x3 into a straight line form by taking logs of both sides to give log(y) = 3log(x)

a) Complete the following table using logs to base 10:

	x
	1
	10
	100
	1000

	y = x3
	
	
	
	

	log(x)
	
	
	
	

	log(y)
	
	
	
	


b) Plot log(y) against log(x) for the values in the table.

c) What is the gradient of the straight-line graph?
§ 3. Applied problems
1.  Suppose that the blood serum concentration of a certain protein P doubles if the daily dose of a drug A is increased by 1mg, provided the dosage is within a certain dosage range.  We will assume that in the following questions the dosage always falls within this range.  

a) By what factor is the concentration of P increased if the daily dose of A rises by 5 mg?

b) Express your answer to a) as a logarithm to the base 2.  (Remember that log2 x is the power you have to raise 2 by to equal x:  so log2 x =  y such that 2y = x.)

c) What increase in dosage of A would be required to raise the level of P by a factor of 128?

d) By what factor is the level of P altered when the dose of A falls by 5 mg?  Leave your answer as a fraction.

e) Express your answer to d) as a logarithm to base 2.

f) If the dose of A does not change at all, i) by what factor does P change? ii) what is this factor expressed as a logarithm to base 2?
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Session 4 - Logarithms Further Exercises
These are intended to supplement the exercises you have already done and extend the concepts.

You will need a calculator for some of these exercises. If you need help with using your calculator please consult your calculator manual and see the information on calculator use offered in Basic Statistics for PHP or Statistics for EPH or Statistics with Computing.
1) If log10x3 - log10100 = 7 find the value of x.

2) If log10(10x3) - log10(100/x) + log10(0.01) = 5 find the value of x.

3) Find the value of the following and give your answer, where appropriate, to 2 decimal places:

a) loge4.8 + loge3.2 - loge2.7

b) loge72 ÷ loge7 

4) a) Using logarithms, what would you plot on each axis in order to convert the following curves into straight line graphs? 
    b) What is the gradient and intercept of the resulting straight line graphs?

i) y = 2x5 

ii) 3y = 4x2 

iii) xy = 5 
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Session 4 - Logarithms Solutions

§ 1. Logarithms
1) a) log10 10000 = 4

b) log10 0.0001 = -4

c) loge 7.389 = 2

2) a) 106 = 1000000 

b) e3 = 20.1 


c) e0 = 1 

3) a) log(5×3) = log15    b) log(10/2) = log5   c) 3 × log5     d) 5 × log3
e) log(4×3/2) = log6

§ 2. Transforming to a straight line graph

1) a)
	x
	1
	10
	100
	1000

	y = x3
	1
	1000
	1000000
	1000000000

	log(x)
	0
	1
	2
	3

	log(y)
	0
	3
	6
	9


 b)
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c) gradient = 3

§ 3. Applied problems
1) a) 2 x 2 x 2 x 2 x 2 = 25 = 32.

    b) Since 32 = 25, we know directly that log2 32 = 5.

    c) 128 = 27, ie 7 ‘doublings’, which requires increasing dose by 7mg.

    d) If dose is 1mg lower, level of P is halved.  So a fall of 5 mg gives a factor of    

        (1/2)5 = 1/25 = 1/32.

    e) We want log2 of (1/25).  But since 1/25= 2-5, by definition the answer is -5. 

    f) No change is a change by a factor of 1.  Since 20 = 1, the log factor is 0.
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Session 4 - Logarithms Further Exercises – Solutions

1) log10x3 - log10100 = 7 so  3 × log10x - 2 = 7;

    3 × log10x = 7 + 2 = 9; log10x = 9/3 = 3; and x = 103 = 1000

2) log10(10x3) - log10(100/x) + log10(0.01) = 5 
    so (log1010 + log10x3) – (log10100 - log10x) - 2 = 5;
    1 + 3 × log10x – (log10100 - log10x) -2 = 5; 1 + 3 × log10x – (2 - log10x) – 2 = 5; 

    1 + 3 × log10x – 2 + log10x – 2 = 5;  4 × log10x = 8; log10x = 8/4 = 2; x = 102 = 100  
3) a) loge4.8 + loge3.2 - loge2.7 = loge(4.8 × 3.2 ÷  2.7) = loge5.6888888 = 1.74

    b) loge72 ÷ loge7 = 2 × loge7 = 2

    


loge7

4) a) For all these graphs you would plot log(y) on one axis, typically the vertical axis, and log(x) on the other axis, typically the horizontal axis.
     b) 
i) gradient is 5 and intercept is log2
ii) gradient is 2 and intercept is log(4/3)

iii) gradient is -1 and intercept is log5
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